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Robust Sampled Data Eigenstructure Assignment
Using the Delta Operator

Jean E. Piou* and Kenneth M. Sobelf
City College of New York, New York, New York 10031

Eigenstructure assignment is considered for a linear time-invariant plant that is represented by the so-called
unified delta model, which is valid both for continuous time and sampled data operation of the plant. We show
that the eigenvectors of the delta model are identical to the eigenvectors of the continuous time plant and an
expression is derived for the eigenstructure assignment feedback gain matrix for the delta model. We extend a
sufficient condition for robust stability to the delta model of the plant. A robust sampled data design is computed
for the Extended Medium Range Air-to-Air Technology missile by minimizing the integral of the roll rate with
constraints on selected eigenvalues, actuator deflection rates, and the sufficient condition for robust stability.
The robust design exhibits a significantly improved sideslip gust response as compared to an orthegonal projec-

tion eigenstructure assignment design.

I. Introduction

ECENTLY, Sobel and Cloutier! applied eigenstructure

assignment to the design of an autopilot for the Extended
Medium Range Air-to-Air Technology (EMRAAT) missile.
An important difference between this application and other
eigenstructure assignment applications that have appeared in
the literature is that the lateral dynamics of the EMRAAT
missile does not have a well-defined Dutch roll mode. There-
fore, eigenstructure assignment is used not only for mode de-
coupling but also to create distinctly separate Dutch roll
and roll modes. Sobel and Cloutier! used the approach sug-
gested by Andry et al.? in which the ith desired eigenvector
vf is chosen for mode decoupling. Then, the ith achievable
eigenvector vf is chosen as the projection of v{ onto the
so-called achievability subspace. Sobel and Cloutier! showed
that their design achieves improved decoupling between an
initial sideslip angle and the integrated roll rate (which is ap-
proximately equal to the bank angle) when compared to a
linear quadratic regulator design proposed by Bossi and
Langehough.? However, the design of Sobel and Cloutier!
does not consider that the missile’s aerodynamic parameters
are uncertain.

A sufficient condition for the robust stability of a linear
time-invariant system subject to linear time varying structured
state space uncertainty has been proposed by Sobel et al.* This
result, which is based on the Gronwall lemma, insures robust
stability if the nominal eigenvalues lie to the left of a vertical
line in the complex plane. This line is determined by the max-
imum eigenvalue of a matrix that involves the product of the
uncertainty structure, the nominal closed-loop modal matrix,
and the inverse of the nominal closed-loop modal matrix.

Recently, Yu et al.’ presented a new sufficient condition for
the robust stability of a linear time-invariant system subject to
linear time varying structured state space uncertainty. This
new robustness condition is a sum of terms each of which
involves the ith right eigenvector, the ith left eigenvector, and
the real part of the ith eigenvalue. Yu et al. also showed that
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their robustness condition is less conservative than the earlier
result of Sobel et al.*

In this paper, we extend eigenstructure assignment to linear
time-invariant plants that are represented by Middleton and
Goodwin’s® unified delta model that is valid both for contin-
uous time and sampled data operation of the plant. An im-
portant property of the delta model is that the discrete time
eigenvalues approach the continuous time eigenvalues as the
sampling period approaches zero. We show that the eigen-
vectors of the delta model are identical to the eigenvectors of
the continuous time plant and an expression is derived for the
eigenstructure assignment feedback gain matrix for the delta
model. We show that, in the limit as the sampling period delta
goes to zero, the delta feedback gain approaches the continu-
ous time feedback gain. We propose a sufficient condition for
the robust stability of a linear time-invariant unified delta
plant subject to linear time-invariant structured state space
uncertainty. This yields a new unified robustness condition
that is applicable to both continuous time and sampled data
operation.

We design a robust controller for the lateral dynamics of the
EMRAAT missile and this new design is compared to an or-
thogonal projection eigenstructure assignment design. The
new design method proposed in this paper uses the MATLAB™
Optimization Toolbox’ and the MATLAB™ Delta Toolbox® to
minimize the integrated roll rate with constraints on the time
constants of the Dutch roll and roll modes, the damping ratios
of the Dutch roll and roll modes, the aileron and rudder deflec-
tion rates, and the new sufficient condition for robust stability.
This design satisfies the new robustness condition while also
yielding an improved transient response as compared to the
orthogonal projection design.

II. Problem Formulation
Consider a nominal linear time-invariant multi-input multi-

output system described by

x(t) = Ax(t) + Bu(t) Y

@

where x € ®" is the state vector; u € ®"” the input vector;
y € &7 the output vector; and A, B, and C are constant ma-
trices.

The corresponding sampled data system, which is obtained
by using Middleton and Goodwin’s® delta operator, is

y(1) = Cx(1)

6x = Asx + Bsu 3)
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y=Cx @
where
A;=0A4 ®)
B;=QB ©)
Q= 1 jAeA’ dr @)
Ao

and where

d=(g-1y/A ®8)

and where the shift operator g is defined by

X = Xg+1 &)

and where A is the sampling period.

The unified state space model proposed by Middleton and
Goodwin® is valid for both the discrete and continuous time
cases simultaneously. This unified model is described by

px(t) = A,x(t) + B,u(t) (10)
y(t) = Cx(2) 1)
where
A in continuous time
As= o . (12)
As in discrete time
B in continuous time
B,= o . (13)
B; in discrete time
and where

d
— in continuous time
p=-<dt (14)

in discrete time

Suppose that the nominal delta system is subject to linear
time-invariant uncertainties in the entries of 4, and B, de-
scribed by dA, and dB,, respectively, where

dA in continuous time
b= o . (15)
dA; in discrete time
dB in continuous time
dB, = s . (16)
dB; in discrete time
and where
dA; = (1/A)[e¢+aMa — e44] a7

A

A
dB; = i H e+ 4r(B +dB)—S eAfdrB] (18)
0 0

Then, the delta system with uncertainty is given by
ex(t) = A,x(t) + Byu(t) + dA,x(¢) + dB,u(t) 19
y()=Cx(?) (20)

Further, suppose that bounds are available on the maximum
absolute values of the elements of dA4 and dB. That is,

|da;| < @ai)mex; i=1,..,n;  j=1,..,n (1)

|db,‘j‘5(dbij)max; i=1,...,n; j=1...,m (22)
Then, the corresponding bounds on the 6 system are given by
[das(i,))] < [das(isj)|mas E=1,...,m5 j=1,...,n (23)

|dbs (i) < [dbs(isf)]|maxs E=1,...,m5 j=1,...,m (24)
Define d4} and dB," as the matrices obtained by replacing
the entries of d4, and dB, by their absolute values. Also,
define d4,max and dB, ., as the matrices with entries (da;; )max
and (db;; )max, respectively, in continuous time or with entries
[das(i,j ) max and [dbs(i,/ ) max, respectively, in discrete time.
Then,

{dA4,:d4; < d4 ) (25)
and
{dB,:dB," <dB,ma) (26)
where
dA ax in continuous time
dA,max = e e . 27)
dA smax in discrete time
dBoax in continuous time
dB,max = o g . (28)
dBjmax in discrete time
and where

1 + -
dA smax = K [e(A +dAmax)A _ pA A] 29

SR
dBsmax = Z [j e" +dAnar d7(B * +dBnax)
0

A
- g e4'r drB ] (30)
0

and where “‘ <”’ is applied element by element to matrices and
dApax € R™*", dBpax € ®7™ where ® | is the set of nonnega-
tive numbers.

Consider the constant gain output feedback control law de-
scribed by

u(t) =F,y(t) (D

where

F =

P

F in continuous time
(32)

F; in discrete time

Then, the nominal closed-loop unified delta system is given by
px(t) = Aycx(t) (33)

where

in continuous time

A +BFC
= , L . 34)
As+ BsFC in discrete time

and the uncertain closed-loop unified delta system is given by

pc

px(2) = Apex(t) + dA,cx(¥) (35)
where

dA +dB(FC) _ in continuous time 36)
* " 1dA;+dBy(F;C)  in discrete time

dA4
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Finally, the stability robustness problem can be stated as
follows: Given a feedback gain matrix F, € ®™*" such that the
nominal closed-loop unified delta system exhibits desirable
dynamic performance, determine if the uncertain closed-loop
unified delta system is asymptotically stable for all time-invari-
ant d4, and dB, described by Egs. (25) and (26), respectively.

ITI. Robustness Results

In this section we present four theorems describing eigen-
structure assignment and robust control for the unified delta
model. Theorem 1 shows that a matrix M is a modal matrix
for the delta plant if and only if it is a modal matrix for the
continuous time plant. Theorem 2 describes the settling time
and damping ratio regions for the delta plant in the vy plane.
Theorem 3 describes the eigenstructure assignment output
feedback gain matrix for the delta plant and shows that the
delta feedback gain matrix approaches the continuous time
feedback gain matrix as the sampling period A approaches
zero. Theorem 4 presents a sufficient condition for robust
stability of the delta plant under time-invariant structured
state space uncertainty. This new robustness condition is valid
simultaneously for both continuous and discrete time opera-
tion of the plant.

Theorem I (Delta Eigenvectors): Consider the continu-
ous time plant given by x=Ax + Bu and the sampled data
plant given by 8x = A;x + Bsu. The ith eigenvalues of 4 and
Ajare \;and v, = [exp(A; A) — 11/4, respectively. Let A and A;
be nondefective, let M be a modal matrix, and let A be a
diagonal matrix with the A\; on the diagonal. Then,

1
M—IABM = ’Y,I = Z(CAA—‘I)

if and only if M- 1AM =N\I=A 37

Proof: See Appendix A.

Theorem 2 (Delta Settling Time and Damping Regions):
Consider the plant described in Theorem 1 with eigenvalues \;
in continuous time and eigenvalues v; for sampled data opera-
tion. The s-plane settling time region described by

Re); <o (3%
maps into the y-plane region described by
|1+ Ay <e® 39)
and the s-plane damping region described by
cos {tan’l[lm)\i/(—Re)\i)]} >t (40)
maps into the y-plane region described by
| 1+ Ay;| <exp| - {d/(1—¢2)"] C3))

where ¢ = arg(l + Ay).

Proof: See Appendix B.

Theorem 3 (Delta Eigenstructure Assignment Feedback
Gain Matrix): Suppose u =F;y with F5 € ®™*" such that the
nominal closed-loop system As+ Bs;F;C is asymptotically sta-
ble with A;+ BsF;C nondefective and r=m. Let A;, be the
r X r diagonal matrix whose entries are the assignable closed-
loop eigenvalues and let M, be the n X r matrix whose columns
are the corresponding achievable eigenvectors. Then, the solu-
tion to

(A5+ B;F;CIM, = M, As, 42)
is given by

Fy= ViLi 'ULM, Ay — AM)V,E; ' UG @3)

where

B; =1[Uso Ual][za(;/q 44)
and

CM, = [Uyo U,I][E’ﬂ “5)

are the singular value decompositions of Bs and CM,, respec-
tively. Furthermore, when A—0, F;— F where

F = VgLz '\ ULM A, —AM)V, 21 UT (46)

is the feedback gain for the continuous time plant that satisfies

(A + BFCYM, = M, A, @7
and where
LV
B = [Ugo Um][ % B] 48)

is a singular value decomposition of B, and A, is a diagonal
rxr matrix containing the assignable eigenvalues \;
(i=1,2,...,r).

Proof: See Appendix C.

Theorem 4 (Unified Robustness Sufficient Condition):
Suppose that F, is such that the nominal closed-loop system
described by Eq. (33) is asymptotically stable with 4,. a non-
defective matrix. Then the uncertain closed-loop system given
by Eq. (35) is asymptotically stable for d4 and dB described by
Eqgs. (25) and (26), respectively, if

)t }
Nrax ———dA emax ( <1 (49)
" {,; J(&) "
where
~Re(N)) continuous time
=<1 50
JED 1 [1 -1+ A’y,—)*] discrete time (50)
A dA L+ dBa (FCY* continuous time
Pema T 1 d4 smax + ABsmax(F5C) ™  discrete time  (51)
dA, - l [e(A+ +dAma)A _ eA+A]
max A
12 e e
ABsmax = A [ g eld” +ddma)r (B + + dB pay) —j et drB *]
Jo 0

(52)

and where §; is the ith eigenvalue of (4,+ B,F,C) with v; and

wi* the corresponding right and left eigenvectors, respectively;

and where (-)* denotes the complex conjugate transpose.
Proof: See Appendix D.

IV. Robust Control Design for the EMRAAT Missile

Consider the EMRAAT bank-to-turn missile that is de-
scribed by Bossi and Langehough.? A seventh-order model of
the yaw/roll dynamics at a 10-deg angle of attack is consid-
ered, which includes the rigid-body dynamics, two first-order
actuator models, and a yaw rate washout filter. The state
vector, control vector, and measurement vector are given, re-
spectively, by

x:[6yr’pap176r,6a’x7]r’ u=[5rc96ac]7; Yy = [.B,rme,PI]T
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Table 1 Comparison of EMRAAT designs, A=0.0025 s

Closed-loop eigenvalues?

Feedback gain matrix .

8 'wo p DI
orth . 236521 16.97 [—5.43 0.231 0.0043 0.959] Sre
rthogonal  vygr= —23.65+/ 16. .
projection o= ~ 9.98 ) 10.16 4.42 -0.285 0.0050 —1.09| 68,
design Yact= — 130.3
Yact= —103.8
filter = — 6.97
“Yfilter B Fwo P pI
Robust 18,265 14.15 [—4.16 0.196 0.0154 1.27]5,C
obus yar= —18.26 =/ 14.
design Yeoll= — 61.394799.70 236 —0.215 0.0757 2.16] 8,
Yac= —112.8
Yace= — 48.61
Yrilter = — 7.42

2Figenvalues are computed by using feedback gains which are rounded to three significant digits.

Table 2 Eigenvectors for the EMRAAT designs?

Desired closed-loop eigenvectors:

1 X 0 0| g8
x 1 0 0| r
0 0 1 X\ p
0| xj|0 x| xj|1]| pr
x X x x| 6r
X X X X1 b4
X X 0 0! x7
L LA L L J
Dutch roll mode Roll mode
Orthogonal projection design:
0.0258 0.0203 —0.0083 -0.0092 -0.0012 0.0074 0.0327 8
1.0000 0.0000 0.0000 —0.0003 -0.0197 1.0000 0.3931 r
—0.0006 0.0001 1.0000 0.0000 1.0000 0.1780 1.0000 p
0.0000 0.0000 —0.0480 —0.0501 —0.0063 —0.0015 —0.1423 pr
0.1309 —0.1140 0.0037 0.0016 0.0024 0.7135 0.0053 or
-0.2382 0.0960 0.0231 0.0134 0.1258 -0.9342 —0.0880 bq
—0.1385 —0.1316 —0.0001 0.0000 0.0006 —0.0434 —0.9699 x7
Revgr Imvgr Revron Im vy Actuator Actuator Filter
Robust design:
0.0312 0.0280 —0.0006 -0.0013 —0.0034 —0.0070 —0.0693 B
1.0000 0.0000 —0.0003 —0.0002 —0.0005 -0.9184 —0.4987 r
0.0038 —0.1691 1.0000 0.0000 1.0000 0.4932 —0.0468 p
—0.0046 0.0055 —0.0032 —0.0073 —0.0193 —0.0037 0.0062 pI
0.0958 -0.0977 0.0063 —0.0145 0.0075 -0.7119 0.0016 &,
—0.2083 0.0524 0.0319 -0.0711 0.0393 1.0000 0.1779 0q
—-0.1678 —0.1854 0.0000 0.0000 0.0001 0.0360 1.0000 X7
Revqr Imvgr Revron Imwvon Actuator Actuator Filter

2FEigenvalues are computed by using feedback gains which are rounded to three significant digits.

Here @ is the sideslip angle, deg; r the yaw rate, deg/s; p the
roll rate, deg/s; p; the integrated roll rate, deg; 6, the rudder
deflection, deg; 8, the aileron deflection, deg; x; the yaw
rate washout filter state; and ry, the washed out yaw rate,
deg/s. The state space matrices A, B, and C are shown in
Appendix E.

First, we design an eigenstructure assignment control law by
using an orthogonal projection. The delta state space matrices
Aj; and B; are computed by using the MATLAB™ Delta Tool-
box.®! The sampling period A is chosen to be 0.0025 s for
illustrative purposes. The desired Dutch roll and roll mode
eigenvalues are achieved exactly because four measurements
are available for feedback. The desired Dutch roll eigenvectors
are chosen to yield a complex mode that is composed of

sideslip angle and yaw rate with no coupling to roll rate and
integrated roll rate. The desired roll mode eigenvectors are
chosen to yield a complex mode that is composed of roll rate
and integrated roll rate (which is approximately equal to the
bank angle) with no coupling to sideslip angle and yaw rate.
Then, the achievable eigenvectors are computed by using the
orthogonal projection of the ith desired eigenvector v{ onto
the subspace that is spanned by the columns of (y;/ — A;)~!B;.
The closed-loop delta eigenvalues v;, i =1, ...,n, and the feed-
back gain matrix F; are shown in Table 1. The desired and
achievable closed-loop eigenvectors are shown in Table 2.
Next, we propose a new robust design that minimizes the
integrated roll rate due to a 1-deg initial sideslip angle subject
to constraints on the time constants of the Dutch roll and roll
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Table 3 Constraints for the EMRAAT designs

Continuous time

Discrete time

ReAar € [-50, —6]
ReAron € [—50, —6]
Mrudder < — 50
Aaileron < — 50

Sar € [0.4, 0.8]

$ron € [0.4, 0.8]

| 8a] <275 deg/s

|8, <275 deg/s

(viwi)*

o

)\max{ é [Amax+Bmax(FC)+]}
i=1

<0.999

|1+ Aygr| € [e 304, e~ 64]
| 14 Ayron| € [e 304, e —64]
1+ Ayrudder <e =302
1+ Ayaileron <e =304

- 0-8¢dr - 0‘4¢dr
1+ e € [exp<[1—(0.8)21‘/2>’ °Xp<[1 —(0.4)21‘/2”

where ¢gr=arg(l + Avyar)

—0.8¢ro1 —0.4¢r01
A € [e“’([l ~0.87] /) exp(u —0?] /ﬂ

where ¢ron = arg(l + Ayron)

[84[(k + 1DA] ~ 84(kA)|
A

1810k + DA] - 8, (ke )|
A

(viwH)+
)\max
{i; S&i)

<275 deg/s

<275 deg/s

[Aémax + Bémax(Féc)+]}

<0.999

modes, the damping ratios of the Dutch roll and roll modes,
the aileron and rudder deflection rates, and the new sufficient
condition for robust stability. Mathematically, the objective
function to be minimized is given by

1

J = X [Pk )] (53)

)
S

The upper limit on the index & is chosen to include the time
interval kA € [0,0.3] during which most of the transient re-
sponse occurs. Of course, computation of Eq. (53) requires
that the linear closed-loop response be calculated during each
iteration of the optimization algorithm, using the gain that
results from the existing values of the optimizing parameters.
The constraints for continuous time and the corresponding
constraints for discrete time are shown in Table 3 where { is
the damping ratio.

For illustrative purposes we have chosen dA4,,,=0.04-4"
and dB,,=0 with the exception that the elements of dA4 .«
that correspond to actuator or washout filter time constants
have been set to zero. Also, the coefficients in the equation
pr(t)=p(t) have no uncertainty. The matrices dA4;y.x and
dB;smax are computed from Eqgs. (29) and (30), respectively.

The actuator deflection rates are computed from the slopes
of the time response of the deflections during the time interval
mA € [0,0.03]. This interval is chosen because the slopes of the
deflections are largest during this time interval. The maximum
slope is chosen from all of the slopes that are calculated be-
tween successive pairs of points. Mathematically,

oy L2al(m + DAL =8, (m )|

max slope §, = max (54)
m A
8, + 1)A]—-6,(mA
max slope §, = max |8, Lm )A] (mA)] (55)
where m =0,1,...,12. These slopes are recomputed during

each iteration of the algorithm. The maximum deflection rates
chosen for the constraints are well within the expected 400-
deg/s limit for the advanced state of the art electromechanical
actuator described by Langehough and Simons.’

The parameter vector contains the quantities that may be
varied by the optimization. This 12-dimensional vector in-

cludes Re’ydr) Im’ydn Re?’rou, Im’yroll’ RCZ](I), Rezl(z)’ Imzl(l)’
Imz(2), Rezi(1), Rezz(2), Imz3(1), and Imz;(2). Here, the
two-dimensional complex vectors z; contain the free eigen-
vector parameters. That is, the ith eigenvector v; may be writ-
ten as

v; = L;z; (56)

where the columns of L;=(y /- A s)"1B; are a basis for the
subspace in which the ith eigenvector must reside. Thus, the
free parameters are the vectors z; rather than the eigenvec-
tors v;.

The optimization is performed by using subroutine constr
from the MATLAB™ Optimization Toolbox’ and subrou-
tine delsim from the MATLAB™ Delta Toolbox® on a 486™
25 MHz personal computer. The optimization is initialized
with the orthogonal projection design, which yields an initial
value of 9.1360 for the objective function of Eq. (53) and a
value of 2.2014 for the left-hand side (LHS) of the robustness
condition of Eq. (49). The optimization is complete after 3640
iterations and yields an optimal objective function of 0.0895
and a value of 0.999 for the LHS of the robustness condition.
We observe from Table 1 that the Dutch roll mode is dominant
in the robust design whereas the roll mode was chosen to be
dominant in the orthogonal projection design. Furthermore,
the optimization moves the roll mode eigenvalues to the
boundary of the feasible set that corresponds to the smallest
time constant and the smallest damping ratio allowed by the
constraints. We observe from Table 2 that the yaw rate
washout filter eigenvector for the robust design is char-
acterized by a significant reduction in the roll rate and in-
tegrated roll rate entries as compared with the orthogonal
projection design. However, the optimized Dutch roll eigen-
vectors exhibit an increase in the roll rate and integrated roll
rate entries which were desired to be zero in the orthogonal
projection design. We conjecture that the optimization alters
the filter eigenvector to improve mode decoupling whereas the
Dutch roll mode eigenvector is altered to satisfy the robustness
constraint.

The aircraft responses to a ‘‘1-cosine’’ sideslip gust, as de-
scribed in Ref. 10, are considered. The state equations for the
lateral dynamics are shown by McRuer et al.!! to be given by

B=Y,B+(g/Un¢ — 1+ (¥s,/U0)8, + (Y5,/Uo)é, — Y, B,
(57
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P=LiB+Lyp+Lir+Ls 8, +Ls 6 —LiB, —(L})By
(58)

F=N§B+Nyp+N/r+Nj 6, +N; 86 —NjB, — (N)) B,
(59

where Y, Y,/ Uy, Y;5,/Uy, Y5,/ Ug, L, Ly, L], L§ , L§ , Nj,
Ny, N/, N§ , and N; can be obtained from the state space
matrix A and where (N/), and (L/), are defined in Ref. 11
to be

12 -1
(N7)g =N, 1—17] (60)
x4z
I e
L), = Xz f X
0 <IX>N[1 IXIJ ©D
’ Ixz ’
erNr_I_Lr (62)

z

For the flight condition of the EMRAAT missile considered in
this paper, the parameters N/ and L/ are —0.5748 and 0.3208,
respectively. The inertias corresponding to a full fuel condition
are I, =11,451; I,=456,282; and I, = —1189. Using these
values, the gust derivative coefficients are computed to be
(N[)g=—0.5742 and (L)), =0.05962. The gust is defined as
shown in Ref. 10 and is described by

0 1<0
Bp =<4 0.5(1—cos24rt) O=t=1/24 (63)
1 t>1/24

where the natural frequency of the open-loop complex eigen-
value pair is 24.04 rad/s.

20 ——Antegrated roll rate

deg/sec

0 0.1 0.2 0.3 0.4 0.5
time (sec)

Fig. 1 Integrated roll rate.

0.6 ———Cudder deflection
N
0.4 l’l \\ -1
)
0.2F/
o [/
g 0
[
2-0.2
a
-0.4
-0.6
-0.8 L :
0 0.1 0.2 0.3 0.4 0.5
time (sec)

Fig. 2 Rudder deflection.

eigen .

— . _ Pobust

degrees

0 0.1 0.2 0.3 0.4 0.5
time (sec)

Fig. 3 Aileron deflection.

The time histories of integrated roll rate, rudder deflection,
and aileron deflection to the 1-cosine sideslip gust are shown in
Figs. 1, 2, and 3, respectively. We observe a significant im-
provement in the integrated roll rate response (which is desired
to be zero) when compared to the initial orthogonal projection
eigenstructure assignment design. The initial design has a max-
imum p;(¢) of 18.87 deg, but the new design of this paper has
a maximum p;(t) of 0.6990 deg that is an improvement of
approximately 96%. We note that this improved response is
obtained with both smaller aileron and rudder deflections.

V. Conclusions

We have extcnded eigenstructure assignment to linear time-
invariant plants that are represented by the so-called unified
delta model which is valid both for continuous time and sam-
pled data operation of the plant. We have shown that the
eigenvectors of the delta model are identical to the eigenvectors
of the continuous time plant and an expression was derived for
the eigenstructure assignment feedback gain matrix for the
delta model. We have proposed a sufficient condition for the
robust stability of a linear time-invariant unified delta plant
subject to linear time-invariant structured state space uncer-
tainty. A robust sampled data design is computed for the
Extended Medium Range Air-to-Air Technology missile by
minimizing the integral of the roll rate with constraints on
selected eigenvalues, actuator deflection rates, and the suffi-
cient condition for robust stability. The robust design is com-
pared with an orthogonal projection eigenstructure assignment
design. In particular, the maximum integrated roll rate to a
1-cosine sideslip gust is reduced from 18.87 deg for the orthog-
onal projection design to 0.6990 deg for the robust design.

Appendix A: Proof of Theorem 1
Sufficiency: Use the definition of A; to obtain

1
; M‘1A§M=ZM“(6AA—I)M (Al)

Substitute the infinite series for exp(AA) into Eq. (Al) to
obtain

1 AZ 2
M‘1A5M=ZM"1[I+AA+ 7 +~-~—I]M (A2)
1 M 1AM A

M_1A6M=Z I+M‘1AMA+T+-.._1]

(A3)

1 A
M-1AM = A [I+M‘1AMA+(M1AM)2§

3
+(M—1AM)3§—'+ - ] (A4)
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Substitute M ~'AM = A into Eq. (A4) to obtain

A? A
M-14;M= X I+AA+A2—+A3—+ -TI (AS)

31
l (e22-1) (A6)
A
O
Necessity:
1 1
M-1AM = ZM‘I(e"’A—I)M= —A—(eAA—I) (A7)
=M~ 1leAAM = 22 (A8)
:eM’lAMA = eAA (A9)
=M 1AMA = AA (A10)
=>M"1AM = A (All)
O

Appendix B: Proof of Theorem 2

Settling time region: Use 1+Avy;=exp(\;A) to obtain
|1+Ay;| =exp(A-Re);). Then, Re\; <o=|1+ Ay;| <exp(sA).
Damping ratio region:

A= —Gwn +Jwg (B1)

1 + Ay; = exp(\;A) = exp(— Gwpd +jwgd) B2)
Use weA =27 and wy = wy (1 — {3) to obtain

s

L+ Ay = exp| =251 - 2ys 2 4 o } (B3)
| i s ws

which has a magnitude given by

[ — 27 wa - i

—2 = —_— B4

KR ws] exp[(l—ff)‘/z] B4

and a phase angle given by

|14+ Ay,| =exp

arg(l + Ay;) = Qrwg/ws) (BS)
Thus,
—{o
§>§',-=>]1+A'y,-|<exp[(l_§_2)%] (B6)
where ¢ =arg(l + Ay). O
Proof of Lemma DI:

Appendix C: Proof of Theorem 3

The r assignable eigenvalues and their corresponding eigen-
vectors for the sampled data system satisfy the equations de-
scribed by

(As+BsFsC)v; = vy i=1,2,...,r 1)

Combining the r equations from Eq. (C1) yields
(As+B:FsCYM, = M, Ay, (C2)
Rearrange to obtain

B3FysCM, = M Ay, — AsM, (C3)

Substitute the singular value decompositions of B; and CM, to
obtain

HRZ A%
W Ual| " FelUn Unll )" | = MiAse — A, M,
(&)
U6026V6TFBUrOErVrT = MrA(Sr - AéMr (CS)

Taking the required inverses and recalling that Uy, Uy, Vs,
and V, are unitary, we obtain

= VE; ' UM, Ay, — A:M)V,E] U, (C6)

Next, we consider the limiting behavior of F; as A—0. Middle-
ton and Goodwin® show that as A—0, A;—A, B;—B, and
As,—A,. Thus, V;E; '\ UL~ VE; UL, and F;—F. O

Appendix D: Proof of Theorem 4

The proof starts from showing the following lemma.
Lemma D1 (Delta Uncertainty Bounds):

1 . +
(dA5)+ < dABmax = _A_ [e(A +dAmax)A_eA A] (DI)

1 .
(ABY)* = dBimas = H (A" + a4 (B * + dB )
]

A
—S e’“’drB*} (D2)
0

2! 3!

1 1 2 3 A’ A3 +
dAay* = A [et4rama_gaal® = 3 {{IHA +d4)A+(A +dA)2%+(A +dA)3%+ ] [1+AA+A2—+A3—+ B

1 2
=2 {dA A+ [A -dA +d4 -4 +(dA)2] —3—‘+ [A-dA~A +dA-A-dA +dA4 A2+ A2-dA +(d4)*- A + A -(dA)2+(dA)3]

o1
+ } =-- {dAmax~A+ [A+-dA,,,a,(+dAma,(-A+ +(dAmax)2] 3—

A

3
+(A+)2'dAmax+(dAmax)2'A +4 '(dAmax)2+(dAmax)3:| %4‘

2

3 A A3
+(A++dAmax)3§,—+ ] - [I+A+A+(A+)2§ FATP T

} {[I+(A++dAmax)A+(A++dAmax)

A3
31

+ I:A+ 'dAmax'A+ +dAmax'A+ 'dAmax+dAmax'(A+)2

A2

1
A

1 (At +dA A AtA
:Z et +ddma)a _ o
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1 A A +
(dBy)*+ = {— H e(A+dA)TdT(B+d.B)—S ef“drBB -1

A At
2! 3! 4!

2!

A? A3 At
{[1A+(A +dA)§+(A +dA)2§+(A +dA)3z+ --~](B+dB)

A3
3!

AZ + 1 A’ 4
- [1A+A—+A2—+A3—+ ]B} =2 HIA+A—+A2—+A3%+ ] dB

2

+[dA o

A3
+ <A -dA +dA4-A +(dA)2> §7+<A .d4-A +dA-A-dA +dA4 -A2+A2-dA +(dA)*-A +A -(dA)2+(dA)3> 4

4
i

2

* 1 +Az +2A3 3A4 A + +
+ - |(B+dB) SK TIA+A §+(A ) 3—'+(A+) z+~-~ dBpax+ | dAmax- — + | AT -dA s+ dApax-A

3

2!

A
+ (dAmax)2> '3_' + ( + 'dAmax'A+ +dAmax'A+ 'dAmax+dAmax'(A+)2+ (A+)2'dAmax+ (dAmax)z'A+ +A4* '(dAmax)2

A4
3V 4.
+(dAmax))4!+

Ad

1 A A A
}(m +dBmax)} == {[1A+(A+ + A me) 57 + (A" + ) T +(AY + e 3+ -~}(B+ +dBpa)

A A3 N [ . 4
- [IA+A+ §+(A+)2§+(A+)3~—’+ ~-~]B*} = B e +dAm“)Td7(B++dBmax)—S et drB+ O
' . . 0

4 0

The proof of Theorem 4 now continues by observing that the
uncertain closed-loop system may be written as

px(t) = Apex(t) + dA,cx(2) (D3)
where
A + BFC continuous
e As+ B FsC discrete
and
d4 dA +dBFC continuous
e dA;+dBsF;C discrete

which has a solution given by Middleton and Goodwin®

x(t)=E(A,,)x(0) + SE(Apc,t—‘r——A) dA,.x(7) dr
0

(D4)
where
Ed..0) edoet continuous time D5)
Pl (I+A, 872 discrete time
1) T=0
Sf@dr= S f@dr continuous time (D63a)
1 T=1
2 k=(12/8)~1
Sf@dr=A Y f(kA)  discrete time (Dé6b)
1 k=t,/4
Next, use the real, positive, diagonal transformation
x(1)=D"'z(#) (D7)
and the properties shown in Ref. 6 that
E(DA,.D~'t)y=DE(A,..,t)D™! (D8)
and
E(Aye,t) = ME(A,,))M~' = Y viw*E(§;,1) (D9%)
i=1
to obtain

z(1) =Di:viwi*E(Ei,t)D“Z(0)
i=1

t n
+ SD Y viw*E(¢;,t —7—A)dA,.D " 'z(r) dr (D10)
0 i=1

where M is a modal matrix of 4,.; £; is the ith eigenvalue of
A, given by

Ni continuous time

§i= (D11)

1
A (eMd—1) discrete time

with v; and w/* the corresponding right and left eigenvectors,
respectively; A, is a diagonal matrix with the §; on the diag-
onal; and (-)* denotes complex conjugate transpose.

Note that ||z(¢)]] —0 implies that {|x(¢)|| —0. Next, we apply
the absolute value operator, denoted by (:)*, to both sides of
Eq. (D10) where ‘“+”’ and ‘“<’’ are applied element by ele-
ment to vectors and matrices.

N () = |:D nEViWi*E(Si,t)D - 12(0)}
i=1

i

n +
Viw*E(£;,t —7—A)dA,.D " 'z(7) dr] (D12)
=1

[0

z¥() = D):)(viwi")*E+(£.~,t)D“z“‘(0)+SDZWJ(viw,-*)*E+
i=1 0 i=}

X (&1t —7—A) dA cmaxD "1z ¥ (1) d7 (D13)
where
dA pax + ABmax (FC)t  continuous time
dApcmax _ max max ) (D14)

dA smax + ABsmax (F5 C) * discrete time

with dA4 s and dB;pma, given by Lemma D1; and where

e)\ir
E is =
€0 {(1 + Ay;)e

. eReON)t — p-ail
E (Eht) = [(1+A,yi)+]t/A=e*aikA

continuous time
. . (D15)
discrete time

continuous time

discrete time
(D16)
and o; = ~ Re();).



PIOU AND SOBEL: EIGENSTRUCTURE ASSIGNMENT

710

Next, apply the S operator to both sides of Eq. (D13) to

obtain

Sz*(t) dt=D "E(Viwi*)+§E*(£iJ) dtD~'z*(0)

+ S SDE(vw*)*E*(z,,r-r A)

t=07=

In discrete time, let £ =kA and 7=jA. Then, Eq. (D19) be-

comes

lim |:
R—

(R/N-1 k=1 n

A Y AYDYowH* [(1+ay)t]ei
k=0 j=0 i=1

X dA semaxD "'z (J )] (D22)

where dAscmax = dA4 smax + ABsmax (F5C) .

X dA pemexD ~1z ¥ (7) dr dt
(D17)
On changing the order of the summations, Eq. (D22) be-
where comes
(oo o | (R/&)-2(R/D)~1  n _
S Ry = | e-witdr = — hm[A2 Yy X DE(VW,*)+[(1+A’Y) [kt
0 o J=0 k=j+1 i=1
continuous time
{ .
— hed had X dA(S maxD B lz * (.] )] (D23a)
§E+(Ei’t)dt—< E[(1+A'y,) ]szEe—m-kA D18) ¢
k=0 k=0
A Then, let g =k —j —1 to obtain
= ——— — discrete time
1 —exp(—a;4) (RIB)-2(R/D)-j-2  n
L lim {AZ Y Y DYowH
R—o Jj=0 q=0 i=1
Consider the double S term in Eq. (D17) which may be writ-
ten as X [(1+ A7) *]7 dAsemaxD - ‘z*(j)} (D23b)
t n
WwRNF (e oy -1 R/A R/A n
“"[S S, DROWDTE it =1 =8) dpenu D712 < lim [AZ T T D Eow*
—® Jj=0¢=0 i=1
X(7)dr dt} (D19) x[(l+A7f)+]qu5cmaxD"z+(j)] (D24)
In continuous time, Eq. (D19) becomes r R/A
R or slgim AD E(v W)t E [A+ay)*]e
lim I: j j D E(viwi*)-ke‘ai(tiT)[dAmax + dBmax(FC)+] )
R-o| Ji=0Jr=0 i= 1R/A +(7 (D25)
X dAchaxD - ‘ZOZ (./)
J=
xD~ 1z (r)dr dt} (D20a) | i ZDi: . ]_[(1+A,yl_)+](R/A)+l
=1 A W/
RI-I«Tclo‘ i:l(VWl ) 1_(1'*’A’Vi)-"—
R/A
(D26)

The order of integration in Egs. (D20) may be interchanged
because all of the functions inside the integrals are continuous
functions of ¢ and 7. Thus, Eq. (D20a) is equal to

.

X (1) dt d7:| ;

R R

n

D E(Viwi*)+e—oti(t—‘r) dAcmaxD —lz+

lim
=1

R—o 7=0Jt=7 i

(D20b)

O=<7=<t

where dA payx = dA pax + ABrax (FC) .
Now use the change of variables given by y=¢ -7, dy=d¢

and y=0. Then, Eq. (D20b) is equal to
] -

|:§ § D Z(V,‘W,’*)+e B dAcmaxD 71Z+(T) d’]{ d
y=0

| |

R—o
Evaluating the limit of the term outside the integral in Eq.
(D20c), note that 7 is now a dummy variable of integration,

recall that the «; are positive to obtain

R R-71
lim
R-w 7=0
R R

0

T

D E (viwi*)+e Caiy dAcmaXD -1 d'Y
y=0 i=1

oo

(viw)* 2+ (t) dt

dA max + dBrman(FC)* | D!
0

=DY,
i=1

o

z2%(7) dT:I < lim

]

Eq. (D11) to obtain (1+ Ay;)=exp(\;A).
exp(— «o;A) and

X dA4scmaxD -1 Eoz+(j)
j=

Hence,

Use
Q+Ay)t=

3 _ N+ [(R/A)+1
m[l [(1+ay)*] ]

= lim [l—exp[—aiA(R/A+ 1)]] =
R—ox

-
|

R R

DY (viw#) e~ dAemaxD ™27 (1) dy dT]

lim [j
R—o0 i=1

v=0
(o]
(viw#)*
—a

DZ (e~xiR— l)dAcmaxDIS z*(r)dr}

i=1

0

R—oo

o; >0 (D20c)

because a; >0. Substitute this result into Eq. (D26) to obtain

132D
=0 (D27

n

(viw*)*

Eq. (D26) < A’D Y, —————— dAscmaxD
e (D26) Ei(rany “

(D21)
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Appendix E: State Space Matrices for the EMRAAT Missile

[ -0.5007 —0.9845 0.1736
16.83  —0.5748 0.01233
—3227.0 0.3208 —2.0990
A= 0 0 10
0 0
0 0 0
0 5 0

Combine Egs. (D21) and (D27) and use Eq. (D6) to obtain
t

S SD):(vw*)+E+(g,,t—T A) dA oD ~'2* () d7 dt
t=07=0

(v W)
=D emaxD T S 2 (1) dt (D28)
E JE) A4 peme '§
where
—Re(M\) = «a; continuous time
fE)= i [l - +A7,~)+] = i [1—e~%4] discrete time

(D29)

Substitute Eq. (D28) into Eq. (D17) and use Eq. (D18) to ob-
tain

(viw?)

*W)ydt =D D'1 +(0
S=-ar=p LR D0
w (viw*) p
cmaxD_1 t(t)yde D30
DL, W Sz (D30)
Take norms in Eq. (D30) and rearrange to obtain
(v wi) D-1z+(0
- “ R
Szt di < o) (D31)
0 viw*
— d‘A cmaxDAl
“ ,; f(E) ? “
Thus,
) dt|| <oe
which implies
Slz (@) dt <o
0
if
0 O 44D ! ‘ <1 (D32)
=1 f(&:)

Note that in continuous time, x(¢) and z(¢) are uniformly
continuous on (0,o0) because of the linearity of the uncertain
closed-loop plant that together with Eq. (D32) and a theorem
in Ref. 12 implies that [[z*(¢)|| —0 as ¢ —oo. This implies that
|x(#)|| —~0 as f—oo which proves that the linear uncertain
closed-loop plant is asymptotically stable. In discrete time, the
same result follows without the need for uniform continuity.

Finally, Perron weightings may be used for the matrix D in
Eq. (D32) in the same manner as shown by Sobel et al.* for an
earlier robustness result. Thus, to reduce conservatism, Eq.
(D32) may be replaced by

n o (yaF)t
xmax{E )™ dApcmax} <1 (D33)

i=1 &)

where A..(+) of a nonnegative matrix denotes the real non-
negative eigenvalue Apq =0 such that A, =| ;| for all eigen-
values \;.

0 0.109 0.0691 0
0 -—132.8 27.19 0
0 —1620.0 —1240.0 0
0 o o o
0 -179 0 0
0 0 -179 0
0 0 0 -5
B=[o 000179 0 O}T
0000 0 179 0
100000 O
010000 —
C =
001000 O
000100
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